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General Instructions Total marks — 84
» Reading time — 5 minutes. * Attempt Questions 1-7.
» Working time — 2 hours. » All questions are of equal value.

» Write using black or blue pen.

* Board-approved calculators may

be used. ‘

* A table of standard integrals is
provided at the back of this paper.

¢ All necessary working should be
shown in every question.

» Answer each question in a
SEPARATE writing booklet.

» Extra writing booklets are available.
* Question Papers are to be handed in.




Total marks — 84

Attempt Questions 1-7

All questions are of equal value ,

Answer each question in a SEPARATE writing booklet. Extra writing booklets are available.

Question 1 (12 marks) Marks

a. Differentiate 4xsin™' x 2

b I [E -7 Findthevalue of a ' 2
1+x 2

-a

c. Find the coordinates of the point P that divides the interval joining (-4, 3) and (2, -7) 2
externally in the ratio 4:3.

d. If log,b=2.8 and log, c =4.1, find log, bc. 1
x+2
e. Solve for x: <3,x#0. 2
x
1
f. Evaluate _f4x(2x —-1)°dx by making the substitution u = 2x—1. 3
0.5
End of Question 1



Question 2 (12 marks) Use a SEPARATE writing booklet. Marks

Taking x = 0.5 as a first approximation for the root of log, x = —x, use Newton’s 3
method to find a second approximation. (Answer correct to 3 significant figures.)

Prove that cos38 = 4cos’ @ —3cosf 4
Find the size of a and B in the following diagram (giving reasons). 2
105°
P Diagram NOT to scale.
95° o

NS

Diagram NOT to scale.

LM is a tangent to the circle, while LNP is a secant intersecting the circle at N 3
and P. Giventhat LM =8, NP =12 and LN =x, find x.

End of Question 2



Question 3 (12 marks) Use a SEPARATE writing booklet.

Marks
a. Find, for 0 < x < 2x, all solutions for the equation cosx = sin2x.
b. If o, fand yare the roots of the cubic polynomial equation x* +8x> —4x—-6=0
Find the value of LS + L + 1 .
af  pr ay
c. Find the term independent of x in the expansion of (3x* + —l—)m
x
d. Calculate the value of £ in the following rectangular prism.

(Answer to the nearest minute.)

A B
E F
. 24m
Dletll - C
/ 19.2m
G
H 25.6m
End of Question 3



@

Question 4 (12 marks) Use a SEPARATE writing booklet. Marks

a. Sand is being poured into a conical container at a constant rate of 36cm’s™.
The height and diameter of the container are both 60cm. After ¢ seconds the
depth of the sand in the container is 2 cm.

60rm
< > i. Show that the depth of sand in the container 2
after 5 seconds is 8.826¢cm correct to 2d.p.
ii. Find the rate at which the depth of sand is 2
changing after after 5 seconds. (answer to 3d.p.)
£0em
iil. Find the rate at which the surface area, S, of 2
the sand in the container is changing when the
" depth of the sand is 20cm.
b. i. Find the domain and range of the function y = 4 cos™ (%) . 1
ii. Sketch the graph of the function y = 4 cos™ (?) showing clearly the 2

intercepts on the coordinate axes and the coordinates of any endpoints.

iii. Find the area of the region in the first quadrant bounded by the curve 3

y=4 cos™ (?) and the coordinate axes

%

&



Question 5 (12 marks) Use a SEPARATE writing booklet. Marks

a. The parabola given by x = 2at and y = at” has points P and Q where
t = p and t = q respectively.
Prove:
i. The equation of the chord PQ is given by y — Q—iz—q—)ﬁ +apg =0 2
ii. The equation of the tangent at P is given by y — px +ap® =0 2
iil. The tangents at the ends of any focal chord meet on the directrix 3
and are perpendicular to each other. -+,
b. At time ¢ the temperature T ° Celsius of a piece of iron in a room of constant
temperature 30° Celsius, is decreasing according to the equation
—Cg- = —k(T - 30) for some constant k > 0.
& e
i. V’érify that 7 =30+ Ae™ , A constant, is a solution of the equation. 2
ii. The initial temperature, T, of the piece of iron is 100°C and it falls to 60°C .3

after 20 minutes. Find the temperature of the body after a further
10 minutes. (Answer to nearest degree.)

End of Question 5
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Question 6 (12 marks) Use a SEPARATE writing booklet. Marks

a. A ball is shot out of a small cannon on the ground at point O with
velocity 15ms" , fired at an angle of @ with the horizontal.

¥
A

2m

¥

5m

i. Taking acceleration due to gravity to be a constant 10ms™,
show that the equation for the horizontal (x) and vertical (y) K
components of the particles displacement from the origin O
are given by x =15¢tcosé

and  y=-5t>+15tsin6

ii. Show that the Cartesian equation for displacement is giVen by
2

_x
AT

sec’ @+ xtan

iii. The ball just clears a 2 metre high fence that is 5 metres from the
origin . Find two values of 8 (measured in degrees) for this to happen.
(Give your answer to the nearest minute)

- a"

b. A particle is moving such that its acceleration is given by ¥ =—-16x.
The particle has an initial displacement of 3m and an initial velocity of 12ms™.

i. Show the velocity is given by x = |41J18 ~-x° i

-

il. Find the equation for the particle displacemeﬁt, x, over timed.’

]
%

End of Question 6



Question 7 (12 marks) Use a SEPARATE writing booklet. Marks

Use the principal of mathematical induction to prove that, for every positive
integer n, 13x 6" +2 is divisible by 5. 4

A particle moves in a straight line. Its displacement x metres from the origin,
after t seconds is given by x =sin’ 5t +2, ¢ > 0.

=»

. . . c g 5

i Find the time when the particle is first at x = —. 2
> .

il In what direction is the particle travelling when it is first at x = E? 1

iit, Express the acceleration of the particle in terms of x. 2

iv. Hence, or otherwise, show that the particle is undergoing simple 2

harmonic motion.
%

V. State the period of the motion. - 1

End of paper
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Question 7 (12 marks) Use a SEPARATE writing booklet. Marks QUESTION ONE SOLUTIONS

Ty

a A gxsin x c)x+2 <3 mult. bs. by x*
Use the principal of mathematical induction to prove that, for every positive ’ dx - T
integer n, 13x 6" +2 is divisible by 5. 4 =sin™ xx 4+ 4xx x(x+2) < 3x°
1-x* 0<2x?-2x
=4 in-l + OSZ.X(X—])
) =Aasm o x - x<0and x21 (note x=0)
A particle moves in a straight line. Its displacement x metres from the origin, {
afler t seconds is given by x =sin?5t+2, 1> 0 ) t dx Dlet u=2x-1s0
TR b) I - du=2dx and 2x=u+l
i Find the time when the particle is first at x = > 2 L+ when x=0.5, u=0and when x=1,u=1
- 1
. e . . . 5 = [tan x]:, so [4x(2x-1)*dx becomes
i, In what direction is the particle travelling when it is first at x = 5? 1 " =tan"a-tan"'(-a) 0‘[
.o . . . 1
ili.  Express the acceleration of the particle in terms of x. 2 so tan™' a—tan™(~a) = % = j’z *(2x —1)*2dx
iv.  Hence, or otherwise, show that the particle is undergoing simple 2 g Dls
harmonic motion, 2tan == = J' 2x(2x - 1)°2dx
0.5
v. State the period of the motion. 1 tan” a= —Z— na=l )
i _ = j(u+ 1))’ du
) x,=-4,y,=3 0
x,=2.y,==17 1
rnz=4 ’nz=—3 =J‘(u[’+u’)du
o423 4N+ S e
4+(=3) ~ 4+(-3) =[£‘_+3—}
. P =(20-37) 76
End of paper =13
d) log, be =log, b+log, ¢ 2 -
=2.8+4.1
=6.9
QUESTION TWO SOLUTIONS :
a.let f(x)=log, x+x b. Prove that cos36 = 4cos’ §~3cosd
. 1
then f'(x) = 7 1 LHS =cos(20 +6)
Jet x, =0.5 = c0s 20 cos @ - sin 20sin &
now  x,=x, - l,g-{'l =cosd(2cos? 8 —1)~sinf(2sinfcos §)
f((’;’)s =2cos’ @ - cosd - 2sin’ @cos
, =0.5- f'(dS)) =2cos’ 8 - cos@ —-2cosf(1-cos* 8)
) {1(0'5)+05 =2co0s’ @ - cos @ — 2cos @ + 2 cos* 6
) x, =0.5———-'—j—-—'— =4cos’ §-3cosd (=RHS)
x, =0.564 (to 3 Sig. figs)
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c. @ =75° (opposite angles
in a cyclic quad are supp.)
and $ = 95°(Exterior angle
equal to opp. int. angle)

QUESTION 3 SOLUTIONS
a.

d LM?=LNLP
82 =x(J2+x)
64 =12x + x*

X +12x-64=0

cosx =sin2x now 0sx<2rx
50 0 =sin2x-cosx sofor 2sinx—-1=0
. . 1
0 =2sinxcosx~cosx smx:-?:
0= cos x(2sinx-1) x=Z
6 6
s 2sinx-1=0 and for cosx =0
and cosx =0 x=£,3—”
2°2
b.
a+ﬁ+7 =:.£. aﬂ+a}/+7ﬂ=£ aﬂ}l:i
a a a
=81 - -6

c.i. expansion of (3x* +-]—)'°
. 2x

(a+by =3 "Ca™b

n=0
T‘ﬂ ____IDC" (3x4)10-k (l)k
X
Tk..|=wck3w-k xxJD—“‘ XX

de ___lOCk 310-" xx40-5k

[+

9,2.,;

=—.-—i B ——
1

(x+16)(x-4)=0
so x=-160r x=4
since x > () the only
solution will be x =4

So there are 4 solutions

1.1 1 _atp+y

—t——t—
af pr ar afy

Wl

now 40-5k=0so k=8
So term independent of x will be

-5, 1
= ¢, (3x*)" s(_;)s

= |°C831
= 405

-k

d. DH? =25.6* +19.2*
DH?* =25.6* +19.2*
DH =32

24
st T
mh=35

- B=36"52"

QUESTION FOUR SOLUTIONS

i. Now Volume of Sand in container is
av - . . dh
Now — = 36 so after.5 seconds ii. We are after —
dt dt
dv
¥ =180cm® will have poured in. and we know —- =36
7 (Y e e now Zh_dV dh
Note.lh—d(—.r)sor—hllzh & dav
V=cm’h > V==n(=)h dh _ 45 4
3 372 a2
3 2
y = Ly _ when /= 8.826cm
12 dh 4 dh 4
e = =36 ———r
L1s0=22 Z}tz 7(8.826)
~—=0.588cms™
h=3 ’12 x 180 dt
T
h=28.826cm
iii. We are after é NOW a5 = ﬂig—
dr. d dt dv
now S.A. of the sand .S = =2 ds _dv dS dn
r=h{2 s0 S=m? dt  dt dh'dV
h das 7h 4
S=m(=)? — =36
) a0
S== a h
ds _mh a_1n
Y dr 20
= =3.6cm*s™
b) i The domain -3 <x <3, Therange 0<y<4n
ii.
21
3,4m) Y ii. A= 3 cos{dy
. 0
2
27 A= 3[4 sin Z]
4 0
- _ . £_ .
3.0 x A= 3[4 sin 3 4sin O]

A = 12 units”

11

g



-5

-
% d(30+ Ae )=

QUESTION FIVE SOLUTIONS

a.
P(2ap,ap*) and Q(2ag,a9%)
Gradient of Chord PQ
ap*-aq*
2ap—~2aq
_ap’-¢’)
2a(p-q)
-ap=a)Xp+tq)
2a(p-q)
=2*q
2
Eqn of chord

y=-n=mx-x)

CGradient=

+
y-ap’= pz 9 (x-2ap)

_ z_(p+q)x_20pz_2apq
YT T

_(p+a)x
2

y-ap’ ~ap’=apq

y- (1)+;1)Jr+apq=0

b)i) If T =30+ Ae™ is a solution then

dr
— = k(T -
dt (r-30)

~k(30+ de™ =30
p ( e )

—kde™ = —kde™ s0 true

i) Eqn of tangent
xt= Ey H_x
S LY T Tn
when x =2ap gradient=p
Eqn of tangent at P
y-ap* = px—2ap* .
Ly-px+ap®=0

iii. If PQ is a focal chord then pg=-1
TngatP y- px+ap® = 0---(1)
TngatQ y—gx+ag® =0--(2)
mult (1) by gand 2) by p
¥ - pgx-+ap’q=0--(3)
yp- pgx-+aqq=0--(4)

(4)>-(3)

yp-9)-apg(p-q)=0

(p-9)y-apq)=0 _

L y=apg now pg=-1s0 y=-a
this means all y values are on the directrix
Gradient of tangent through P is p
Gradient of tangent through Q is ¢
now pg = -1 so tangents are perpendicular.

iy  When t=0,T =100
5. 100=30+ 4e°
s A=70 When 1=20,T =60
s0 60 = 30+ 70e%
2k = é_(_).
70
3
k= —|n(-7-)/20

so now after a further 10 minutes 7 =30
-Jolmg)/zo

T =30+70e
T =49.6396
T =50 to nearest degree.

e e ey een -

Question 6 SOLUTIONS

ii. From x=15tcos@,t =

subst. into y=—5¢* +15tsin @

Horizontal Velocity
V.
—L = cosd
15
V,=15cosd
now displacement s = ut +0.5at
horizontally a= 0
) x=(15cos8)t+0
x =15tcos@

Vertical Velocity

VV .
——=sin@
15

V, =15sin@

vertically a=-10
y=(15sin8) +0.5x-10x¢
y=-5t* +15sind

X
15cos@ let x=tan@ 1o get 5x* —45&x+23=0

X

X 2
==s +15
r= " 5ese’ T

r= 225c0s* 6@  15cos@

-x A
=——sec’ @+ xtan@
45

iii. now whenx =5,y =2
~-25

2=—""sec’f+5tand
45

18 =—~5sec’ @ +45tan g

cos
-5x? 15xsin@

iné
a)sm

tan

@ =tan

45+ \/(-45)1 -4x5%x23
Xx=

10
_ 45+4/1565
10
21,45+/1565
(-————10 )

6

6 =83°15" (to nearest minute)

18=-5(1—tan’ @)+ 45tan &
Stan’ @ —-45tan6+23=0

b.
X¥=-16x

L_d, 1,
.x-dx(zv )

] 2 =

) —v: = |Xdx
7=
1,

so —v* = |-16xdx
=
lv2=—8x’+c
2

whenx=3,v=12

S0 %xl44=-72+c
c=144
lvz =-8x% +144

9=

.1,45-/1565
an (-—-——-——-]O )

6 =2833' (to nearest minute)

V=i‘\}—16xz+288 i’:-.—cos"-{-*.f.
v =2 1657 + 288 47 36
v=24y18-x? i4'='°05"3-%+%
50 ix—:;t4 18— x? T
a x =342 cos( £ 41)
o Ho 1
d  +4418-x?
1 x
andtf=~—cos”' ——=+¢
47 32

whent=0,x=3

.'.0=——]-cos"—3—+c :

477 342



QUESTION SEVEN SOLUTIONS.

a. Prove true forn=1
13x6' +2=100
which is divisible by 5
Assume true for n =k
13x6* +2=5M
where m is a +ve integer
Prove true for n=k+ 1
Bx6* +2=13x6* x6+2
=(13x6" +2-2)x6+2
=(5M -2)x6+2
=30M-10
= 5(6M -2)

bi. x=sin?5t+2
when x=-5—.
‘ 2

£=sin25t+2
2

=222
20°20720

Particle first at x = —;—

after
20

which is divisible by 5. If the formula is true for
n=kitistrueforn=4+ 1,

Now we know it is true for 2 = 1 so it follows that
it must be true for » = 1+ = 2 and because it is true
for n = 2 it must be true for n = 3 and so on for all

" positive integer values of .

i, x=sin’ 5142
v = 10sin 5¢ cos 5¢
v=>5sin10s
when f = -75-, v=>5sinrx,
20
S0 v =+5
positive value means
particle is travelling in the
positive direction at this
time.
iii. x=sin?5/+2
v =5sin10t
a=50cos10¢
a = 50(1- 2sin’® 5¢)
a=50-100sin>5¢
now x=sin5t+2
x~2=sin’5¢
a=50-100(x-2)
a=250-100x

iv. a=50-100(x-2)

is of the form

a= constant— n’ (x - a’)
Wheren=10and o’ =2

0 a=+2

v. n=10
period =2z
n
2
10

/3
= — seconds.
5

e



